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Problem 3) 𝑓𝑓′(𝑧𝑧) = 𝑙𝑙𝑙𝑙𝑙𝑙∆𝑧𝑧→0 [𝑓𝑓(𝑧𝑧 + ∆𝑧𝑧) − 𝑓𝑓(𝑧𝑧)] ∆𝑧𝑧⁄  

 = 𝑙𝑙𝑙𝑙𝑙𝑙∆𝑧𝑧→0 [(𝑧𝑧 + ∆𝑧𝑧)𝑛𝑛 − 𝑧𝑧𝑛𝑛] ∆𝑧𝑧⁄  

 = 𝑙𝑙𝑙𝑙𝑙𝑙∆𝑧𝑧→0 �� �𝑛𝑛𝑘𝑘� 𝑧𝑧
𝑛𝑛−𝑘𝑘(∆𝑧𝑧)𝑘𝑘

𝑛𝑛

𝑘𝑘=0
− 𝑧𝑧𝑛𝑛� ∆𝑧𝑧�  

 = 𝑙𝑙𝑙𝑙𝑙𝑙∆𝑧𝑧→0 ��
𝑛𝑛
1� 𝑧𝑧

𝑛𝑛−1∆𝑧𝑧 + � �𝑛𝑛𝑘𝑘� 𝑧𝑧
𝑛𝑛−𝑘𝑘(∆𝑧𝑧)𝑘𝑘

𝑛𝑛

𝑘𝑘=2
� ∆𝑧𝑧�  

 = 𝑙𝑙𝑙𝑙𝑙𝑙∆𝑧𝑧→0 �𝑛𝑛𝑧𝑧𝑛𝑛−1 + � �𝑛𝑛𝑘𝑘� 𝑧𝑧
𝑛𝑛−𝑘𝑘(∆𝑧𝑧)𝑘𝑘−1

𝑛𝑛

𝑘𝑘=2
� 

 = 𝑛𝑛𝑧𝑧𝑛𝑛−1. 

Since the derivative of 𝑓𝑓(𝑧𝑧) = 𝑧𝑧𝑛𝑛 is well-defined as 𝑓𝑓′(𝑧𝑧) = 𝑛𝑛𝑧𝑧𝑛𝑛−1 at all values 𝑧𝑧, the function 
𝑓𝑓(𝑧𝑧) is analytic throughout the entire 𝑧𝑧-plane. 
 

binomial expansion 

(∆𝑧𝑧)𝑘𝑘−1 → 0 for 𝑘𝑘 ≥ 2 


